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METHODS AND FORMULAS FOR CALCULATING THE STRENGTH OF 
PLATE AND SHELL CONSTRUCTIONS AS USED IN AIRPLANE DESIGN* 

By 0, S. Heck and H. Elmer 



SUMMARY 



This report is a compilation of previously published 
articles on formulas and methods of calculation for the 
determination of the strength and stability of plate and 
shell construction as employed in airplane design. In 
particular, it treats the problem of isotropic, orthotop- 
ic, and stiffened rectangular plates, thin curved panels, 
and circular cylinders under various loading conditions. 
The purpose of appending the pertinent literature refer- 
ences following the subjects discussed was to facilitate 
a comprehensive study of the treated problems. 



I. INTRODUCTION 



The purpose of this article is to gather the availa- 
ble simple formulas and methods of calculating the strength 
of thin-walled structures (plate and shell) that are in- 
creasingly important in airplane design into one compre- 
hensive report and to facilitate the study of the original 
reports by appending an exhaustive list of pertinent lit- 
erature. One essential characteristic of the treated de- 
signs is that the skin plating is called on to carry 
stresses a3 v/ell as the stiffeners. Designs in which the 
sheet merely serves as covering and is not loaded to cor- 
respond to its strength are without the scope of this 
study. 

The structural components of plate and shell struc- 
tures (particularly, shell bodies and wings) are plain 
and stiffened plates and shells, usually of very light 
gage (about 0.5 to 1.2 mm (0.0197 to 0.047 in.). In such 



* u Formeln und Berechnungsverf ahren fur die Festiglceit von 
Platten- und Schal enko nst rukt ionen im Flugz eugbau . " Luft- 
f ahrtf orschung, February 6, 1935, pp. 211-222. 
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structures the solution of the stress problem is subordi- 
nate to the question of stability and particularly, to the 
strength of a structure after exceeding the stability lim- 
it. The question of the buckling strength of sections 
will not be included within the scope of this article, al- 
though the buckling stresses of the stiffeners alone, i.e., 
as self-contained compression members, are frequently used 
for the determination of the strength pf a plate or shell 
design* 

The material to be considered is divided according to 
the three most essential structural elements of plate or 
shell const rue t ion: 

1. Strength of rectangular plate; 

2. Strength of thin curved panels (segment of circu- 

lar shell) ; 

3. Strength of cylindrical shells (circular cylinder) • 

These structural elements are further divided into iso- 
tropic, orthotropic (orthogonally anisotropic) and stiff- 
ened plates or shells. Orthotropic plates and shells hav- 
ing unequal but constant stiffness in mutually perpendic- 
ular direction are, for example, plates and shells of ply- 
wood and, strictly speaking, those also of rolled plate 
with different moduli of elasticity in directions parallel 
and perpendicular to the direction of rolling. 

In many cases stiffened flat plates and sheets stiff- 
ened by corrugating can be treated as orthotropic plates 
by substituting for the periodically changing stiffnesses 
in the directions (mutually perpendicular) of the stiffen- 
ers, constant mean stiffnesses. The kind of loading of the 
individual element affords yet another subdivision. 

The theoretical formulas are, wherever possible, com- 
pared to test data. When applying theoretical formulas 
for the strength of thin-walled structures, it is particu- 
larly advisable to ascertain whether and to what extent 
they have been experimentally verified. The test data in 
many cases are quite different from the theoretical val- 
ues. In stability investigations of very thin unstiffened 
plates and shells, unavoidable initial, buckling -'that, 
compared to the wall thickness used, can be regarded only 
as small - reduces the actual buckling load relative to 
the theoret ical buckling load of the ideal plate or shell 
considerably. At times the experimental data manifest 
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an appreciable scatter, so that in many cases any conclu- 
sion as to the "behavior of a structural component on the 
"basis of the result of one or a few tests must he drawn 
with caution. 

The present report reveals that there are still con- 
siderable gaps in our knowledge of the strength of plate 
and shell constructions. Notwithstanding the numerous 
formulas, there are still many cases not covered "by sta- 
bility investigations of plates and shells under combined 
stresses, as well as investigations of the stability of 
shells of other than circular or of variable section (such 
as conical shells). 

Many problems still call for study in connection with 
the requirements of airplane design. 

The DVL undertook the solution of these problems. 
Experiments were made on stiffened cylindrical panels as 
structural components of shell bodies together with experi- 
ments on complete, stiffened cylindrical shells (monocoque 
bodies), the results of which are recounted. The program 
further included a theoretical and experimental investiga- 
tion of the behavior of cylindrical shells of elliptical 
section under bending stresses. 

I'o tat ion 

E» modulus of elasticity in tension 
G, modulus of shear 

U, Poisson' s ratio (approximately = 0.3 for steel 
and duralumin) 

6, wall thickness of plate or shell 

a, b, edges of rectangular plate 

r, radius of curvature of shell 



I , length of shell 
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II, STRENGTH OP HE CT ANGULAR PLATES 
1, Isotropic plates 

a) Loaded in compress ion »~ We first give the formu- 
las defining the critical stresses for various important 
specific cases of rectangular plates under compressive 
load. (See references 15, 16, 22, 23, 24, 26, pp. 9 & 10.) 

a) Uniform Compressive Load on Opposite Edges of the Plate 

Let a represent the unloaded and h the loaded 
edges of the plate of thickness 8# 

The critical compressive stress Ov r (at the moment 
of huckling) follows from formula 

- * rf-jr (l)° (1 > 

The factor k in this formula (l) is dependent upon the 
aspect ratio a/h and the edge conditions of the plate. 
The values are given "below for different edge conditions. 

1) All edges of the plate simply supported* 

~ = 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 

k - 6.92 4.23 3.45 3,29 3.40 3.68 3.45 3.32 3.29 
3.32 

|=2.4 2.7 3» 

k - 3.40 3.32 3.29 3.29 
2) The four edges of the plate are clamped (reference 26)** 

C = 1 2 3 oo 
h 

k = 7.7 6.7 6.4 6.0 



♦Simply "supported* 1 is hereinafter assumed synonymous 
with hinged support. 
**The limiting values of k for |" ~ 00 really should "be 

the same for case 2 and 3. The value k = 5.73 is 
more accurate. 
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3) Edges a are clamped; edges "b simply supported* 

|- = 0.4 0-5 0. 6 0.7 0.8 1.0 1.2 1.4 1.6 1.8 2 .1 

k - 7.76 6. 32 5. 80 5.76 6.00 6.32 5.80 5.76 6.0 
5.8 5.76 5.73. 

j3) Linearly Varying Load (in the Plane of the Sheet) 
Applied to Opposite Edges of the Plate 

All edges are assumed simply supported and the load 
on the plate is: 



Then the critical stress follows from 

°kr 1 - l> 2 Vh/ 

|= 0.4 0. 5 0. 6 0. 667 0.75 0.8 0.9 1.0 1.5 

0=0*5; k=23.9 21.1 19.8 19.7 19.8 20.1 21.1 21.1 19.8 

0.75; 15.4 10. 6 9.5 9.2 9.1 9.5 

1.00; 12.4 8.0 6.9 6.7 6.4 6.9 

1.25; 10.95 6.8 5.8 5.7 5.4 5.8 

1.50; 8.9 5.8 5.0 4.9 4.8 5.0 

y) Uniform Compression Along Each Edge of the Plate - 

Edges "b are under compressive load a x and edges 
a under compression O z (fig. 3). If all edges of the 
plate are simply supported the critical O x and <7 2 fol- 
low from 

(Ji, + a 3:1 = 0.823 5_ 5 2 (*? + (3) 

-r a 2 kr t 2 1 - Va^ b 2 / 

Here m denotes the number of half waves of the "buckled 
plate in direction x (parallel to edges a) > and n 

♦The limiting values of k for ^ = oo really should be 

o 

the same for case 2 and 3. The value k = 5.73 is more 
accurat e . 
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those in direction y (parallel to edges b) ; m and n 
are integral and to he so chosen that a ljr and a 2y v 
take on the smallest possible values, j l 

In the special case of c 1 = a 2 
is determined by 

°*r ' * (IT 

wherein k depends on the edge conditions and aspect ratio 
a/b of the plate, 

l) All edges of the plate are simply supported 

^=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

"b 

k = 83.1 21.4 9.96 5.96 4.11 3. 11 2.50 2. 11 1.84 
1. 645 

3) All edges of the plate are clamped (reference 15) 
| = 1, k = 4.36 

According to Cox (references 16, 26), the theoretical 
values for the buckling stresses of plates loaded in com- 
pression are in fairly close agreement with the experimen- 
tal data for the edge conditions for which they have heen 
exper imentally checked. 

Behavior after Buckling 

In many cases plates loaded in compression are still 
able after buckling to carry considerable additional loads 
before failure. In a plate with simply supported or 
clamped edges and two opposite edges under compressive load, 
the stress distribution over the section ceases to be uni- 
form once the buckling load has been exceeded, and the 
stress increases toward the corners. The plate reaches 
its strength limit when the maximum compressive stress 
reaches the yield point of the material, or when the sheet, 
supported by riveted stiff eners along the unloaded edges, 
buckles between the rivets or when in the lateral stiff en- 
ers which are compressed simultaneously with the sheet, 
the compressive stresses have reached critical values. The 



= a the critical load 



(4) 
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ultimate load P of a plate under compression can "be 

calculated from the effective width 2w by the following 
f ormula : 

P B = 2 w 6 O (5) 

in which the value of a is to "be taken as (according to 
the yield point of the material) either the stress at 
which the plate "buckles "between stiffener rivets or the 
"buckling stress of the stiffeners themselves. For the ef- 
fective width 2w with simply supported edges, v. Karman 
(references 14, 25) gives the formula: 

where a has the same significance as in (5), and the 

value C = . . . 71 = 1.90 at V = 0.3 replaces the 

V 3 (1 - U 2 ) 

constant C. Steel with a yield point of 30 kg mm"? 1 43 670 , 
lb. per sq.in.) has an effective width 2w, approximately 
equal to 50 6, and duralumin with a yield point of 27 kg 
mm~ s (38403.5 lb. per sq.in.) has an effective width of 
2w approximately equal to 30 6, assuming the yield point 
of the material as determining the failure. 

For sheet free at one edge and simply supported at 
the other three edges, v. Karman computes the effective 
width at 

w = 0.68 y~|~S ^ (7) 

Cox's formula (references 16, 26) for 2w is: 

2w = C y^|~6 + Do (8) 

i.e., the effective width varies slightly with the width 
b of the plate. C and D are constants dependent on 
the edge conditions of the plate. When all sides of the 
plate are simply supported: C = 1.52, D = 0.09. When 
the loaded edges are simply supported, the others clamped: 
C - 2.18, D = 0.14. 



According to Cox, the experiments available (refer- 
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ences 16, 17) agree quite well with formula (8). Other 
pertinent articles on the subject are the reports "by G. 
Scimadel (references 9, 10 , 11), which are likewise con- 
cerned with the "behavior of plates loaded in compression 
after exceeding the limits of stability. 



REFERENCES AND BIBLIOGRAPHY 
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2. Bryan, G. H.: On the Stability of a Plane Plate Under 

Thrusts in Its Own Plane, with Applications to the 
"Buckling" of the Sides of a Ship. Proc. London 
Math. Soc, vol. 22 (1891), pp. 54-57. (t) 

3. Bryan, G. H.: On the Buckling and Wrinkling of Plating 

When Supported on Parallel Ribs or on a Rectangular 
Framework. Proc. London'Math. Soc, vol. 25 (1894), 
pp. 141-150. (T) 

4. Reissner, H.: er die Knicksicherheit ebener 31eche. 

ZTjI. Bauverw. , Ed. 29 (1909), pp. 93-96, 151. (T) 

11 

5. Tirao schenko , S.: Sinige Stabilitat sprobleme der Elas- 

t izitat stheorie. Z.f.Math. u. Phys., Bd. 58 (1910), 
pp. 337-385, (T) 

6. Timoschenko, S.: Sur la stabilite des systemes elas- 
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7. Southv/ell, R. V.: On the General Theory of Elastic 

Stability. Phil. Trans., series A, vol. 213 (1914), 
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* .T , theoretical reports. 
V, experiments. 
Z, reviews or textbooks. 
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Strength of Thin Plates in Compression. Trans. 
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14. Yamana, H. : On the Elastic Stability of Aeroplane 

Structures. Jour. Fac . Eng., Tokyo Univ., vol. 20 
(1933), no. 8, pp. 163-224. ( T V) 

15. Taylor, G. J.: The Buckling Load for a Rectangular 

Plate with Pour Clamped Edges. Z.f.a.H.M., vol. 
13 (1933), no. 2, pp. 147-152. (T) 

16. Cox, H. L.: The Buckling of Thin Plates in Compres- 

sion. R. & 1;:, >To. 1554, British A.R.C., 1933. (T) 

17. Schuman, L . , and Back, G. : Strength of Rectangular 

Plat Plates Under Edge Compression. T.R. No. 356, 
N.A.C.A. , 1930. (V) 

18. Love, A. E. H.: Lehrhuch der Elastizitat, uhersetzt 

von A. Timpe. Verlag 3. G. Teubner, Leipzig und 
Berlin," 1907. (Z) 

19. Bleich, P.: .Theorie und Berechnung der eisernen Bruk- 

ken. Verlag J. Springer, Berlin, 1924. (Z) 

20. xTadai, A.: Die elastischen Platten. Verlag J. Springer, 

Berlin, 1925. (Z) 

21. Geckeler, J. W. : Elasto s tat ik. Handbuch derPhysik, 

Bd. 6. Verlag J. Springer, Berlin,- 1928. ( Z) 
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22. Timo schenko , S.: Sta"bilitat sprobleme der Elastizitat. 

Handbuch der phy s ileal i schen und t echnischen Mechan^ 
ik, Bd. 4, 1. Halfte, 2. Teil. Verlag J. A. Barth, 
Leipzig, 1931, ( Z) 

23. Timo schenko , S.: Strength of Materials. 2 vols. 

Macmillan & Co., London, 1931. (Z) 

24. Timoschenko , S.: Stability and Strength if Thin-Walled 

Constructions. proc. of the Third Int. Congress for 
Tech. Mech. , vol. 3, pp. 3-15, Stockholm, 1930. (Z) 

• 25. v. Karman, T.: Analysis of Some Typical Thin-Walled 
Structures. Aeronautical Engineering, A.S.M.E., 
vol. 5, no. 4, 1933, pp. 155-158, (Z) 

. 26. Cox, H. L.: Summary of the Present State of Knowledge 
Regarding Sheet Metal Construction. R. & K . 17 o . 
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27. Follard, H. J.: Some Developments in Aircraft Con- 
struction. Jour. Roy. Aero. Soc, vol. 38 (1934), 
pp. 651-686. (Z) 

tLjBu ckli ng_str esses The critical shearing stress 
T kr of a rectangular plate, with edges a and b and wall 
thickness 8, loaded in shear, is: 

The coefficient k in (9) depends on the edge condi- 
tions and on the aspect ratio a/ b of the plate. 

1) When all edges of the plate are simply supported 
(references 11, 12, 13) 

1.0 1.2 1.4 1.5 1.6 1.8 2.0 2.5 3.0 cc 

7.75 6.58 6.00 5.84 5.76 5. 59 5.43 5.18 5.02 4.4 
2) When all edges are clamped (reference 14) 
I- - 1 2 cc 

D 

k - 12.7 9.5 7.4 



a = 
b 

k - 
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Cox (reference 14), while conceding fair agreement 
"between theory and test data for approximately rectangular 
plates, observes that plates having an aspect ratio a/b 
that differs much from unity, can "buckle long before the 
theoretical critical load is reached. Seydei (reference 
8) points to the markedly disturbing effect of initial 
buckles in thin plates. Bollenrath (reference 6) states 
that in his investigations with celluloid plates, the ex- 
perimental values for critical shear stresses are approx- 
imately 43 percent below Southwell and Skan 1 s (reference 
2) theoretical figures. 



REFERENCES AND BIBLIOGRAPHY 
On the Strength of Isotropic Rectangular Plates in Buckling 

1. T irno schenko , S.: IJber die Stabilitat von. verst eif t en 
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pp. 582-607. 

3. Southwell, R. V.: Note on the Stability Under Shear- 

ing Forces of a Flat Elastic Strip, and an Analogy 
with the problem of the Stability of Laminar Fluid 
Motion. Proc. of the first Int. Congress for Tech. 
Mech. , pp. 266-275. Delft, 1925. (t) 

4. Bergmann, S., and Reissnp, K . : Neuere Probleme aus 

der Flugzeugstat ik . Uber die Knickung von recht- 
eckigen Flatten bei Schubbeanspruchung . Z.F.M-, Bd. 
23 (1932), no. 1, pp. 6-12. (t) 

ii 

b. Seydei, E.: Uber das Ausbeulen von recht eckigen , iso- 

tropen oder o r t hogonal-an i so t rop en Flatten bei Schub- 
beanspruchung. Ing.-Archiv, Bd. 4 (1933), no. 2, 
pp. 169-191. (T) 

6. Bollenrath, F . : Ausbeuler sche inungen an ebenen, auf 
Schub beanspruchten Flatten. Luf t f ahrt f or schung , 
Bd. 6 (1929), no. 1, pp. 1-17. (V) 
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8. Seydel, S.: The Critical Shear Load of Rectangular 

Plates. T.M. ITo. 705, IT.A.C.A., 1933. (V) 

9. Eadai, A.: Die elastischen Platten. Verlag J. Springer, 

Berlin, 1925. (Z) 

10. Geckeler, J. W.: Ela sto st at ik. Handbuch der Physik, 

3d. 6. Verlag J. Springer, Berlin, 1928. (Z) 

11. Timo schenko , S.: Stability and Strength of Thin-Walled 

Constructions. Proc. of the third Int. Congress 
techn. llech. , vol. 3, pp. 3-15. Stockholm, 1930. (Z) 

12. Timoschenko, S.: Stabilitat sprobleme der Elastizitat. 

Handbuch dejf phy s ikali schen und technischen Mechanik, 
Bd. 4, 1. Halfte, 2. Teil. Verlag J. A. Barth, 
Leipzig, 1931. (Z) 

13. Timoschenko, S.: Strength of Haterials. 2 volrt. 

Uacmillan & Co., London, 1931. ( Z) 

14. Cox, Ho L.: Summary of the Present State of Knowledge 

Regarding Sheet Metal Construction. R. & II. No. 
1553, British A. B.C. , 1933. ( Z) 



cl„Combined_load^ Tor a long rectangular plate 

uniformly loaded under combined compression ( a » or ten- 
sion (Oy) , and shear . (T ) (fig. 4), Wagner has estab- 
lished two formulas for calculating the critical stress 
T kr with given values of O x and a y (reference l) : 

With simply supported edges, 

(10) 

With clamped edges, 
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Ee also represents these formulas (10) and (ll) graphical- 
ly by plotting curves T kr = constant with values of O x 

and Oy as coordinates. 

The stability of a rectangular plate under combined 
bending and shear (fig. 5) is treated in an article by 

0. Stein (reference 2). 

REFERENCES 

On the Strength of Isotropic Plates Under Combined Loading 

1. Wagner, H. : Uber Konst rukt ions- und Ber echnungsf ragen 

des Blechbaues. W.G.L. Yearbook, 1928, pp. 113- 
125. (T V) 

2. Stein, 0.: Die Stabilitat der Blecht rager st ehbleche im 

zweiachsigen Spannungszustand • , Stahlbau, Bd* 7 (1934) 
no. 8, pp. 57-60. (T) 



2. Orthotropic Plates 



When the stiffeners are spaced sufficiently close, 
such a plate may in many cases be considered as orthotrop- 
ic, i.e., as a plate with unequal stiffness in two mutu- 
ally perpendicular directions. This is particularly valid 
in the investigation of the stability of corrugated plate. 

a }_ JLo a d ed _in ^ - According to Dean (references 

1, 5), the critical compressive stress a kr of a corrugat- 
ed plate with edges a and b (a is parallel to the cor- 
rugations) , when the edges b are uniformly loaded in com- 
pression (fig. l), is: 

Kr 1 - u 2 Va/ 

When s = chord length of half wave of the corruga- 
tion and f = wave depth of corrugation (distance of high- 
est point from median plane), and if ~ < 0#2, then the 

value of k is given approximately by 

k - 5.8 fj (13) 
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Consequently the buckling stress is unaffected by 

the sheet thickness 6; k also changes probably with the 
half-wave length \ of the sheet, although it does not 
appear from ( 13) . 

Yaraana 1 s (reference 3) formula for the critical com- 
pressive load s^ r (loading per unit length along the 

edge) for an orthotropic plate with simply supported edges 
is: 



s kr = 2 I* S + »s) (14) 

D x and Ds denote the bending stiffness of the orthotrop- 
ic plate, D 3 depends on Di and D 3 and on the torsion- 
al stiffness of the plate. The calculation of these quan- 
tities is given on a subsequent page, 

* 

Formula (14) agrees with one of Wagner 1 s (reference 
2) for the stability of a stiffened plate loaded in com- 
pression. 

If the unloaded edges of the orthotropic plate are 
clamped, the critical compressive load follows from 

s kr = 2 ^ ( 2D x jC + D 3 ) (15) 

in which, however, D 3 is assumed small with respect to 
Di ■ 

Regarding the results of U.S. investigations on corru- 
gated sheet loaded in compression, see reference 2. 
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1548-1551 , 1574. (V) 

5. Cox, H. L.: Summary of the Present State of Knowledge 

Regarding Sheet Metal Construction. R. & U. Tfo . 
1553, British A. R.C. , 1933. (Z) 



b) Buck 1 i ng stresses.- The formula for the critical 
shear load t kr (per unit length of plate edge) of an or- 
thogonally anisotropic ( o rtho t ropic) rectangular plate 
(see fig. 6) with edges a (in direction of x axis) and b 
(in direction of y axis), of bending stiffness D x in x 
direction (i.e., by bending about y axis) and bending 
stiffness D 2 in y direction (i.e., by bending about x 

axis) ( reference 8) is: 




(16) 



where c a is a coefficient dependent on parameters 

D 3 ra aV D 2 

and which may be taken, according to Seydel, from figure 7 
for £ values from 1 to » and for P a values from 0 to 1. 
The c a values of figure 7 hold for the case of simple 
support on all four sides. Quantity D 3 depends on D 1 , 
D s and the torsional stiffness of the plate. The formu- 
las for calculating D x , D 2 , and D 3 are given on a sub- 
sequent page. 

The critical shear load t^ r of very long orthotop- 
ic plates (strictly speaking, infinitely long compared to 
width b) may be determined from formula (lo); for # val- 
ues between 1 and co with simply supported or clamped 
edges, c a is taken from the following table (reference 
4): 
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£ = 1 2 3 5 . . 10 20 

Edges simply 

supported: c a = 13,1? 10.8 9.95 9.25 8.7 8.4 

Edges clamped: c a = 22.15 18.75 17.55 16.6 15.85 15.45 

& = 40 °° 

Edges simply 

supported: c a = 8,25 8.125 

Edges clamped: c = 15.25 15.07 
"* a 

If the & values of the infinitely long orthotropic 
plate range from 0 to 1, the critical shear load t kr is 
computed from: 



y» 2 d 3 , v 

*kr 65 c b (I?) 

U ) 

the values of being taken from the following table: 

& = 0 0.2 0.5 1.0 

Edges simply supported: c a = 11.71 11.8 12.2 13.17 

Edges clamped: c a = 18.59 18.85 19.9 22.15 

The half-wave length of the buckled plate in the di- 
rection of the x-axis follows from: 



hzr = c a' } ^r * > 1 (18) 

l kr = c b' | for * < 1 (19) 

2 

The factors c a » and c^ 1 are taken from the follow- 
ing tables: 
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a = 


1 


2 


3 


5 


10 


30 


Edges simply 
















support ed: 


c a' = 


2.49 


2.28 


2.16 


2.13 


2.08 


2.05 


Edges clamped: 




1.66 


1.54 


•1.48 


1 . 44 


1.41 


1.38 




d- = 


.05 




. .5 


1 






Edges simply 
















supported: 




1.92 


1.94 


2.07 


2.49 






Edges clamped: 




1.16 


1.20 


1.36 


1.66 







The validity of considering a plate with periodically 
changing stiffness in two mutually perpendicular direc- 
tions (parallel to plate edges) as orthotropic is governed 
by the half-wave length. This length iv r must "be several 

times larger than .the spacing of the plate stiff eners or the 
v;idth of corrugation "before the plate may he treated ap- 
proximately as orthotropic with regard to its critical be- 
havio r • 

The formulas for calculating quantities: Di D 2 , and 
D 3 (reference 4) are as follows: 

D = v i*„ (20 

1 1 - u x v y 

(Ej)y 

D = L — (21) 

D 3 = \ D 2 + »y »l) + 2 (&j) xy 

where D x is the bending stiffness of the plate in x di- 
rection (i.e., in bending about y axis); 



D s , the bending stiffness of the plate in y direc- 
tion (i.e., in bending about x axis); 

4(H) the torsional stiffness of the orthotropic 
7 plate; 

u x, u y are Poisson's ratios belonging to the bend- 
ing stiffnesses in x and y direction of the 
plate- (definition of v x ,Vy given in refer- 
ence 8) . ' 
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The following relation holds 

by use of which it follows that 

D 3 = Di + 2 (&J) xy -=r v x D 2 + 2 (&J) yx (22) 

For sheet with corrugations running parallel to the 
y-a:ds I see fig. 8) : 

1 s 12 1 - 
I = arc length of half wave 
s = chord length of half wave 
D 2 = EJ 

whereby J is the mean moment of inertia per unit of 
length of a section parallel to the x-axis, with respect 
to the axis lying in the median plane of the sheet, and 

16 

neglecting v y D x • Further details are given in reference 
7. 

The experimental results for corrugated sheet loaded 
in shear are in accord with theory (reference 7). 

A simple formula for appraising the critical shear 
load of an orthotropic stiffened plate has also been given 
by Wagner (reference 5). 

REFERENCES AND BIBLIOGRAPHY* 
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3. Stiffened Sheet 



With regard to the strength of stiffened plates, it 
is important to know the stability limit of the stiffened 
plate in compression and in shear. But in most cases its 
strength, rather than "being exhausted upon reaching this 
limit, still permits- considerable load increase "before 
failure takes place. 

a,)_ ^Loaded in ^compression.- When the stiffeners are 
sufficiently close together the stability investigation of 



Compare also, J. Jenissen: Investigations of Corrugated 
Sheet Loaded in Shear. Thesis, Technische Kochschule, 
Aachen, 1932. 
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a stiffened plate may in many cases proceed. on. the assump- 
tion of an orthotropic plate, and the formulas given in 
section 11,2 may he employed. For determining the. "buck- 
ling load of a panel "between stiffeners spaced farther 
apart, formula (l) may be used, hut the hending of the 
stiffeners must ho assumed small enough to permit the 
sides of the panel to he considered as straight. The effect 
of flexibility in bending of stiffeners on the stability of 
the plate panels between the stiffeners is treated in a re- 
port by Timoschenko (reference l) . The critical compres- . 
sive load of the stiffened sheet is obtained from formula 
(l); but the coefficient k depends, aside from the edge 
conditions of the plate and its aspect ratio a/b, on the 
number of stiffeners, the ratio of the bending stiffness 
of the stiffeners and sheet, and on the ratio of sectional 
areas of stiffeners and sheet. Timoschenko has calculated 
the coefficient k for a number of cases and has given 
the values in tabular form (references 1, 7, 8), 

A most important factor in airplane design is the 
knowledge of ultimate load of a stiffened plate stressed in 
compression parallel to the stiffeners. Three methods have 
been suggested for approximate calculation of the ultimate 
load ( reference 3) : 

1. Determine the ultimate loacis that can be carried 
by the stiffeners alone and the ultimate load 
of the sheet between two stiffeners (calcula- 
tion or experiment), the lateral sheet edges 
being assumed as rigidly supported; then add 
the ultimate load of sheet and stiffeners, 
which gives the ultimate load of the stiffened 
plate (reference 5). 

2 # Determine the ultimate load of one stiffener (by 
test) and compute the effective width 2w , or 
w, of the sheet from the ultimate load O of 
the stiffener, according to formulas (6) and 
(7). The total area of the stiffeners and of 
the effective plate multiplied by the ultimate 
stress a then gives the ultimate load of the 
st if f ened plate. 

Lundquist (reference 3) concludes from experiments by 
Schunan and Back (reference 4) that it would b? better to 
use the coefficients 1.70 and 0 . GO than 1.90 and 0.68 in 
equations (6) and. (7) of section 11,1, so as to give th? 
follov/ing forr.mla for the effective width of the sheet of 
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a stiffened structure: 

2w = 1.70 



a 6 



(23) 



for effective ^:idth of sheet between two stiffeners and 



w 



0.60 




(24) 



3. 



for effective width of she*et at an unsupported edge. 

Plot against slenderness ratio the ultimate stress 
0 of the stiffeners alone. Formula (23) or 
(24) affords the e f f ec t ive ' widtli of the skin' 
with an estimated ultimate stress. Define the 
slenderness ratio of the combination, stiffener 
plus skin, and determine from the originally 
plotted curve (which strictly is valid only for 
the profile) the pertinent ultimate stress a • 
If this a does not agree with the assumed a, 
the method is repeated. Two to three iterations 
suffice as a rule. The final ultimate stress 
and the section of the stiffeners and skin give 
the ultimate load of the stiffened plate. 

According to American experiments (reference 3), this 
last method recommends itself particularly for calculating 
the ultimate load of a stiffened shell. Attention should 



"be called to the fact 
the stiffener "by test 
ure of the stiffeners 
in the combination of 
ling perpendicular to 



that, in determining the strength of 

care must "be taken to assure fail- 
in the same manner as it would occur 
plate and stiffener; that is, buck- 
the shell. 
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b) S^ren^th_in shear.- Wagner (references 1 and 2) 

made an elaborate investigation of the stability and 
strength of a stiffened plate in shear under the assump- 
tion that the thin skin plating buckles under very small 
loads. Disregarding the bending stresses due to wrinkling, 
a one-dimensional state of stress develops in the skin, 
the so-called "diagonal-tension field," whose properties 
have also been described in detail by Wagner. 

Two cases of practical importance are analyzed wit*i 
Wagner 1 . s simple method. The edge members (i.e., flanges 
or chords and web stiffeners) are assumed stiff enough to 



1I.A.C.A. Technical Memorandum Ho • 785 



23 



"be considered rigid in bending, an assumption which is 
permissible for many practical cases. With regard to al- 
lowance for the effect of flexibility in bending of the 
flanges, we refer to Wagner's report (reference 2). 



1) Plate Girder with Parallel Chords and 
Vert ical Stiffeners 

A plate girder having parallel chords (spacing h) and 
vertical stiffeners (spacing t) is clamped at one end and 
loaded at the other with a load Q (fig. 9), If the edge 
members are stiff in bending, the tensile stress a in 
the sheet and the direction a of the wrinkles are con- 
stant, With 6 = sheet thickness, the tensile stress in 
the sheet is: 

0 " If inrss (25) 

the compression in an upright, 



-7=0- tan a (26) 
h 



the load in the upper chord, 



H 0 cot a ' (27) 

and in the lower chord, 

Eu = - - £ cos a (28) 

In the above, x = distance of section in which chord loads 
H 0 and E u are to be determined from the point of appli- 
cation of the load Q # 

The maximum local bending moment in the chords (at 
points of uprights) is: 

The direction of the wrinkles is given by: 

1 + ™ 

2 j, 

a 2 + a - a with a = (50,31) 

1 6 h§ 



24 



1J.A.C.A. Technical Memorandum No. 785 



(Fg = sectional area of chord, Fy = sectional area of up- 
right.) For most cases it will "be sufficient to estimate 
the value of a as 40° to 42° , giving the simplified for- 
mulas 

° - g <32) 

- V = 0.9 at (33) 

H 0,n = ± - 0.6 Q (34) 

Wagner proves that the effect of fixity of the sheet at 
the edges where the wrinkles are interrupted, is negligi- 
bly small when the sheet is very thin. 



2) plate Girder with Nonparallel Bigid Flanges 

Assuming constant shear Q, and constant direction of 
wrinkles a in a section at distance x from the point 
of application of the load Q, the tensile stress in the 
sheet at the mid-height of the web is (fig. 10): 



* ^x J_ 
° m " 8 h/ sin a cos a (35) 



The tensile stress at the upper chord is: 



a o = a m rr r — r — rrs- ( 3 *) 

(1 - cot a tan <&) 
and at the lower chord, 

°u = °m ~ ~ 7F (3?) 

( 1 + cot a tan 

The angle & is the angle between the axis of the beam 
and the chords. For the notations h x and hn , see fig- 

ure 11. The compressive load in an upright is: 

- "V = Q ~ tan a (38) 
n x 
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However, the accuracy of these formulas is only ap- 
proximate. 

In a plate girder in which the uprights are eccentric 
to the wet> and riveted to it, the uprights are loaded in 
eccentric compression uniformly along their entire length. 
In contrast to ordinary compression members loaded eccen- 
trically, the eccentric uprights of a plate girder have a 
true "buckling load in combination with the web (stability 
problem). Wagner 1 s investigations on this subject are 
cited in reference 2. 

Experiments (references 1 and 3) have shown Wagner 1 s 
simple calculations to be in close agreement with fact. 
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A.S.M.E., vol. 5 (1933), no. 4, pp. 151-153. 

III. STRENGTH OF THIN CURVED PANELS 
1. Isotropic Panels 

a ) Loaded in axial compression Reds ha^s (reference 

l) theoretical formula of the critical compressive stress 
in an axially compressed isotropic thin curved panel is: 

<*r ■ I rh* i /^^W~^& ♦ (f )"} <»« 

where 8 is wall thickness of panel 

r, radius of curvature of panel 
b. arc length of section of shell 

The edges of the shell are assumed to he simply sup- 
ported. If (6/b) is negligibly small with respect to 
S/r, formula (39) becomes (41) for the buckling stress of 
the axially compressed circular full shell; in the con- 
trary case small compared to ^3^) formula (39) gives 

the relation (l) for the critical compressive stress in a 
plate supported on all edges and compressed on two oppo- 
site edges of width b. 

According to Redshaw, formula (39) is confirmed by 
test data, although additional investigations in this di- 
rection appear desirable. 
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b) Buckling stresses.- Wagner's (reference l) formu- 
las for the critical shearing stress T^. r of thin curved 

panels without stiffeners are: 

Ti„ = k Q E S- + 5E f^* 



'kr " * ~ t ^ 
when the sheet is simply supported, and 



2 



T w = k fl E - + 7,5 E (r) 



for clamped edges; (b = arc length of curved edges of pan- 
el, k s is approximately equal to 0.3).* S. K. Smith (ref- 
erence 2) found from his experiments with panels curved to 
form the quadrant of a circle: 

T kr = k E ~ (40) 

where k = 0.75; the wall thickness 6 of the test 
sheets ranged between 0.25 mm (0.010 in.) and 0#81 mm 
(0.032 in.); and the radii r, between 11 cm (4.3 in.) 
and 18 cm (6.9 in.). 

♦According to recent invest igat ions " by Wagner, it is k g 
approximately equal to 0.1. 
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Formula (40) is equally applicable for the "buckling 
shear, according to Smith, when the value of k is taken 
as 0.20. However, the experimental figures for the ulti- 
mate loads manifest considerable scattering. 
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2. Thin Curved Sheet with Stiffeners Loaded 
in Axial Compression* 



According to Lundquist (reference l) , the compressive 
strength of a longitudinally stiffened curved sheet can be 
calculated in the same fashion as that of a stiffened 
plate (section II, 3). Here again the last of the three 
methods recommends itself for calculating the strength. 
But, according to Novell's experiments (reference 2), the 
strength of a stiffened slightly curved sheet at high r/S 
values (about 1000) is lower than that of a flat plate 
with stiffeners. Hence Lundquist 's recommendation of a 
10 to 15 percent reduction.** 



*See also the article by Dj'i-Djuan Dschou, published in 
this issue of Luf t f ahrt f orschung , p. 223. 
**It was subsequently discovered that these experimental 
results at small curvatures were due to peculiarities of 
the test specimens. See J. S. Hewell, Airway Age, Novem- 
ber 1930, pp. 1422-23. 
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IV. STRENGTH OF CYLINDRICAL SHELLS OE CIRCULAR SECTION 

1. Isotropic Shells 

a) Lo a d e d in _a x ia 1 _c o mp_r e s s i on. • - The stability fail- 
ure of an axially compressed, unstiffened cylindrical 
shell may occur, according to the length of the shell, in 
either of the following ways: 

1. Through lateral buckling of the shell as a whole 

( Euler case) , or 

2. Through local instability (buckling) of the cylin- 

der wall. 

The local buckling consists either in the formation 
of circular lobes, thereby all surfaces wrinkle symmetri- 
cally and the shell sections remain circular (axially sym- 
metrical buckling), or in forming lobes, whereby the cross 
sections assume a wavy shape. In both cases the theoreti- 
cal formula for calculating the buckling stress has been 
derived theoretically* as: 

: i f„:_ZLzfei 

*0ne frequently encounters in literature a formula by South- 
well for a kr (references 4, 5, 14, 17), in which the fac- 

k 2 -1 

tor k^Tf ^ k ~ nuin " t)er °- wave s in peripheral direction) oc- 
curs and which is to be applicable in other than axially 
symmetrical buckling, despite its disapproval by Robertson 
(reference 11) and by v. Sanden and Tolke (reference 8), 
and its omission in more recent Engl iafcu art icles (refer- 
ences 17 , 18) . 
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Strictly speaking, formula (41) is valid only for the 
infinitely long shell. But the length effect disappears 
almost completely for lengths greater than a few half waves 
of the "buckling measured in the axial direction. The half- 
wave length in the case of axially symmetrical buckling of 
the shell is: 



- 1.72 Jv 6 



(42) 



Formulas (41) and (42) assume the validity of Hooke ! s 
law. When a kr lies above the proportional limit of the 

material, these formulas are to "be replaced by (reference 



'kr 



E K 



V s r 



(43) 



and 



- = 1-.72 JTJ 




(44) 



in which the ""buckling modulus 11 Z is calculated from 



K = 



4 E E 1 



(45) 



In formula (45) 3 1 = ~ (slope of stress-strain curve) 

must he determined from the stress-strain diagram at a 
stress equal to ^> r - 

Various experiments to check formula (41) have been 
made, "but they all give lower values than correspond to 
this formula; the majority of the experimental values for 
the buckling stress are from 40 to 60 percent of the theo- 
retical values. As causes of this discrepancy, two ex- 
planations have been advanced - both of which would reduce 
the "buckling load ?.nd for which no allowance has beon made 
in the derivation of the theoretical formula. First, a 
tost specimen always deviates more or less from the exact 
cylindrical shape (references 9, 10); second, owing to the 
radial displacement of the compressed shell which is pre- 
vented at the cylinder ends "by the clamping or friction at 
the loading plates, the cylindrical surface is deformed 
locally, and this may also cause a reduction in buckling 
load (references 6, 7, 8, 9). 
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The analogy exi st ing" "between the stability problem 
of the axially compressed cylinder shell and the buckling 
of an elastically supported member has been pointed out at 
various times. (For example, see reference 13.) 
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b) Loaded in bending.- The theoretical formula (refer- 
ences 1, 2) developed for .the bending moment Bj cr at sta- 
bility failure of a thin-walled cylindrical shell is: 

B kr = L ~— a r S 2 (46) 
^ X 1 - V 
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Brazier l s figure for k is k = 0*99. The mean value 
of k taken from 77 tests is k m ean = 1.14, the minimum 
value of k in these tes.ts being 0.72. Erazier f s theory- 
applies directly only to the case of pure "bending and long 
cylindrical shells. On the other hand, the experiments 
thus far have shown that, apart from very short shells, 
the length effect is negligible (reference 4) and that, 
moreover, a small shearing force fails to produce an appre- 
ciable reduction in critical bending moment (reference 3). 
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c ) T o r s i o na 1 _1 o ad i n£. - A cylindrical shell twisted by- 
end couples may fail through local buckling of the cylin- 
der wall if the latter is thin enough. Donnell (reference 
5) gives the following theoretical formulas for calculating 
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the critical shearing stress with clamped or simply- 

supported ends: 

Theoretical critical shearing stresses, 

= —2—5- f~V [4.6 + J 7.8 + 0,590 H 3/2 ] (47) 

for clamped ends: 

£ , C v 2 > ■ — - — — — - 

T kr = ~ ~z \j) [2-8+72.6 + 0,494 H 3/s ] (48) 

H - J 1 ~ V s for simply supported ends. 

Where I = length, r = radius, and 8 = plate thickness. 

Formulas (47) and (48) are applicable only when the : 
following inequalities hold: 

i- > 7 . 9 7 1 w (clamped ends) (49) 

r \ o 

^ < 6.6 7 1 - y/^- (simply supported ends) (50) 

Otherwise (i.e., very long cylinders), the following for- 
mula must "be resorted to for "both cases of clamped and 
simply supported ends: 

T? / r \ 3 / 2 

T kr = 0.272 ( J (51) 



(1 - u 2 ) 



After evaluation of all available data on this sub- 
ject, Donnell found that the critical shearing stresses 
determined by experiment averaged about 75 percent of the 
theoretical values. He attributes this discrepancy to in- 
accuracies in the shape of the test specimens. The lower 
limit of the experimental values amounts to about 60 per- 
cent of the theoretical. Multiplication of the right-hand 
sides of (47) and (48) by 0.6 and- taking :o 0-3 gives 
the following formulas in place of (47) and (48), the val- 
ues so obtained being on the safe side under all normal 
conditio ns . 
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Critical Shearing Stresses to Be Expected in Practice 
Ends clamped: 



kr - E VW 



3.0 + / 3,4 + 0.240 



(fir) 



3/2 



(52) 



Ends simply supported: 

r 



kr 



1.8+ / 1.2 + 0 .201 



(fir) 



3/2 



(53) 



Lundquist (reference 6) gives a purely empirical for- 
mula for critical shearing stress: 



kr 



k E 



1*35 



(54) 



The factor k depends upon the ratio l/r and. may "be taken 
from the appended tabulation: 



- = 0.2 0.25 0.3 0.4 0..5 0.75 1.0 1.5 2.0 3.0 
4.0 5.0 

k - 3.3 2.75 2.45 2.02 1.78 1.45 1.27 1.06 0.94 

0.78 0.68 0.61 

The first theoretical investigation of the torsional 
stability of thin cylindrical shells is that by Schwerin 
(reference l). His formula for infinitely long cylinder 
i s : 

3/2 

T kr = 0.248 3 (l + 0.45 |j f^J (55) 

Ho also analyzes the case of finite cylindrical shells 
with simply supported edges for ratios r/ 8 between 25 and 
50 and represents his data in graphical form. But since 
the available experiments have been made on shells with 
substantially higher r/6 values, no direct comparison 
between Schwerin 1 s analysis and the experimental data can 
be made. Using Schwerin 1 s theory, the DVL made the calcu- 
lation for the case of £ = 1000 and simply supported 

6 
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shell edges. The results of this calculation are fairly 
accurate at 75 percent of Donnell's theoretical values. 

Sezawas 1 articles (references 2, 4) are noteworthy 
from the point of view of experimental technique, although 
his theory is inaccurate "because of the omission of an im- 
portant term in his equilibrium equations. The results 
of this theory are therefore at variance with Sezawas 1 ex- 
periments. 
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d) Combined A?l§l._co inp,r e s sipj_. _and AP.F_s i.on.- .If a 0 

is the critical compressive stress of an isotropic cylin- 
drical shell under axial compression alone, and T Q is 
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the critical shearing stress in torsion and O and T the 
critical stresses under combined load, then the following 
relation is approximately true: 

o x o 7 

With predetermined values of 0 Q and t q the equation 
furnishes the critical O and T under combined loading. 
Equation (56) is illustrated in figure 11* From experi- 
ments on cylindrical shells under combined torsion and ax- 
ial compression or tension, the value of n was found to 
be approximately 3 (reference l) . 



HEEERE1TCE 

On the Strength of Isotropic Cylindrical Shells 
Under Combined Loading 



1. Bridget, P. J., Jerome, C. C. , and Voseeller, A. B.: 
Some New Experiments on Buckling of Thin-Wall Con- 
structions. A.S.M.E. Trans., vol. 56 (1934), no. 8, 
pp. 569-578. (V) 



3. Orthotropic Shells 

Combined loading in axial compression and external pressure 

torsional loading 

Yarnana (reference l) explored the stability of ortho- 
tropic cylindrical shells under combined axial compression, 
radial external pressure and torsion. But his results do 
not permit direct determination of the critical loads from 
the final formulas. To prove his theory, he made experi- 
ments on cylindrical shells of corrugated sheet. The load 
tests in axial compression averaged only about 50 percent 
of the theoretical critical values. He made only one test 
under pure torsional load, and in this the discrepancy be- 
tween theory and test amounted to around 12 percent. How- 
ever, the number of buckles n predicted by theory corre- 
sponded in every case with those found by experiment. 
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3. Stiffened Cylinders 
Approximate calculation for torsion 



Various formulas are. given "below for the approximate 
calculation of the stresses in the skin and in the stiff en- 
era of a stiffened circular cylinder under torsional mo- 
ment T. Figure 12 illustrates the identifying features 
of the structure. The transverse stiffening members 
(frames) carry continuous stringers uniformly distributed 
over the periphery and are riveted to the skin plating. 
The spacing of the stringers is assumed to be small. 

If the skin is very thin it will buckle under fairly 
small loads and will form diagonal tension fields* The 
analysis will be restricted to this case alone. 

Assume the tension wrinkles are inclined at an angle 
a with respect to the cylinder axis; a can be approxi- 
mated by a formula established by Wagner: 

a. 



l - 



tan 3 a = 



x 

iL 

a a 24 



(5?) 



in which 



a 


is the diagonal 


tensile stress in the skin 


a x' 


axial stress in 


the stringers 


V 


axial stress in 


the frames 


cp , 


angle at center 


subtended by two adjacent 




st ringer s 
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Formula (57) assumes the prior knowledge of the values 
of the stresses a, a x , and (J . Using an estimating value 

of a, one first computes a, O x , and a y from the subse- 
quent equations (58), (59), and (51), and then obtains a 
more accurate value for a by the use of (57), The proc- 
ess is repeated if necessary. 

The tensile stress a in the skin along the wrinkles 
is given by 

T 1 

0 = 2 (58) 

tt r H 6 sin 2a 

where r R = radius of curvature and § = thickness of skin 
plat ing . 

The tension field in the sheet produces the following 
axial stress in the stringers: 

°x = ~ cot a (59) 

n r H *x 

where n = number of stringers and F x = sectional area of 
a stringer. 

Owing to the change in direction of the tension wrink- 
les at the stringers, the skin exerts a radial load inward 
on each stringer. 

Designating this load per unit length of stringer 
with p and assuming p constant over the stringers, p 
is given by 

m 

p = p tan a (60) 

n r H 

The stringers must also be checked for buckling under ax- 
ial load. 

At the points of attachment between frames and string- 
ers, the latter transfer their load p#t to the frames 
(t = frame spacing) . These loads on the frames are direct- 
ed radially inward, and give rise to an axial stress O y 

and a bending stress of maximum local value Cf^ , equations 
for which follow: 
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a r, _ tan a (61) 

y 2tt r H F y 



a„ = H _JL±— *L tan a (n > 6) (62) 
6 n 2 k F y r H ~ 

where F v is the sectional area of frame 

r„, radius of centroidal axis of frame 
s 

v = (fl^ section modulus of frame section) 

When the critical torque at which the sheet 

buckles between the stiffeners is of the same order of 
magnitude as T , T must be replaced by T - T kr in (58) 

to (61). 

The ratio between bending and axial stress is: 

tt 2 r c, . 

: o y : (63) 

D y 3 n 2 k 

If the frames themselves are riveted to the skin, a 
part of the radially inward load exerted by the skin on 
the structure of the stiffeners, is directly transferred 
to the frames. In this case the use of the above formulas 
for calculating the stiffeners leaves one on the safe side* 



Translation by J. Vanier, 
national Advisory Committee 
for Aeronautics. 
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Figure 1 # - Rectangular plate, two 
edges under uniform 
compression* 




Co X 
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Figure 2«- Rectangular plate, two 

edges simultaneously 
loaded in "bending and compression. 
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Figure 3.- Rectangular plate, all Figure 4 # - Rectangular plate under 



edges loaded in compres- 
sion. 



combined compression and 
shear. 




Figure 5 # - Rectangular plate under 
combined bending and 
shear. 




Figure 6.- Rectangular ortho- 
tropic plate loaded 
in shear. 
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Figs. 7,8,9,10,11,12 
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Figure 7.- Coefficient c a versus 
Pa and l/* 
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Figure 9.- Plate girder with 
parallel chords ♦ 



Figure 8.- Rectangular plate 

of corrugated sheet. 




Figure 10.- Plate girder with non- 
parallel chords. 




